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A transfer matrix approach is presented to evaluate and analyze the acoustic
characteristics of a multilayered active acoustic coating, which can be applied to actively
reduce sound re#ection and/or transmission upon a given sound wave excitation.
Expressions are derived to obtain the re#ection and transmission coe$cients, and to
separate the incident sound pressure with re#ected sound pressure from two integrated
piezoelectric sensor layers. Numerical results for re#ection and transmission coe$cients of
three cases are presented to verify the approach and to depict its e!ectiveness in the "eld of
study and simulation of a multilayered active acoustic coating with a backing plate.

( 2001 Academic Press
1. INTRODUCTION

Piezoelectric materials can transform mechanical energy into electric energy and vice versa.
On the one hand, they strain when an electric "eld is applied across them; on the other, they
produce a voltage (electrically polarized) under stress. The "rst e!ect is called the converse
piezoelectric e!ect and the latter is called the direct piezoelectric e!ect [1]. The converse
piezoelectric e!ect allows one to use the piezoelectric devices as actuators, while the latter
makes them well suited as sensors. These properties together with their small size and
weight allow one to apply the piezoelectric materials to construct smart devices that can be
used for active sound and vibration control. It is a common practice to use piezoelectric
ceramics of lead zirconate titanate (PZT) compositions for sensor and actuator applications
in smart structures [2]. For example, the cancellation of a re#ected acoustic is to set up
a destructive interference condition with the sound wave as it is re#ected from the
termination &&wall'' [3]. This technique was improved by coating sheets of piezoelectric
polymers to act as the sensors in a host encapsulant over the actuator [4]. One multilayered
coating structure usually includes both sensors and actuator(s). The sensor devices detect
the incident sound wave and output electrical signals in terms of the incident sound wave.
The output signal (amplitude and phase) from the sensors is fed into a control circuit that is
then used to drive the actuator device to develop a destructive acoustic pressure response
for cancellation of the re#ected sound wave.

An active acoustic coating with bilaminar actuators was introduced which could cancel
both the re#ection and transmission of normally incident sound waves simultaneously [5].
The analysis of the coating was presented based on the Mason equivalent circuit
representation (MECR). The input signals to the actuators were obtained by the separated
hydrophone that was placed in front of the coating. La#eur and co-workers [6, 7] built the
0022-460X/01/460071#19 $35.00/0 ( 2001 Academic Press
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equation relating the re#ection or transmission coe$cients of a layer of piezorubber to the
driving voltage applied across the layer based on a one-dimensional model by Auld [1]. The
calculated results were also compared to the values from measurements. Photiadis et al [8]
presented a simple centre-of-mass representation (SCMR) for a double-layer actuator,
which can provide a direct view of the actuator operation. Furthermore, the authors
extended this technique to study the in#uence of backing compliance on the performance of
surface mounted actuator [9] and to predict the acoustic characteristics of each transducer
component [10].

All the methods, such as MECR, one-dimensional model [6, 7] and SCMR, are suitable
for one- or two-layer coating. In reality, the active acoustic coating consists of multilayers
such as actuator, pressure sensor, velocity sensor, waterproo"ng, bonding and other layers.
To obtain an integrated coating with good and predictable performance, all the layers in the
coating, whether they are passive layers, sensor layers or actuator layers, must be analyzed
with consideration of all coupling and interaction conditions simultaneously.

The acoustic analysis of a multilayered active coating has not been reported previously.
The purpose of this paper is to systematically describe the theory behind the applications of
piezoelectric materials for sound re#ection and/or transmission control. A technique based
on the transfer matrix approach [11, 12] is presented in order to predict the acoustic
performance of the multilayered active coating. Two cases are used to demonstrate the
e!ectiveness of the technique. Finally, an eight-layer active coating with backing plate is
studied to show the application of the proposed transfer matrix approach.

2. PIEZOELECTRIC MATERIALS

In this section, the piezoelectric material properties are summarized. In particular,
attention is focused on a piezoelectric layer with the poling direction normal to the layer
(z direction). Both direct and converse piezoelectric e!ects are assumed to be linear
phenomena.

At constant electric "eld strength, the mechanical characteristics are de"ned by

r"cEe , (1)

where r and e are the stress and strain vectors, respectively, and cE denotes the elastic
matrix. The superscript E indicates that the value is measured with constant electric "eld.

At constant mechanical strain, the electrical characteristics are de"ned by

D"gSE , (2)

where E is the electric "eld vector, D is the electric displacement vector and gS the dielectric
matrix [13, 14]. The superscript S indicates that the value is measured at constant
mechanical strain.

The piezoelectric characteristics (direct piezoelectric e!ect), at constant electric "eld are
de"ned by

D"ee (3)

and the piezoelectric characteristics (converse piezoelectric e!ect) at constant mechanical
strain, by

r"!eTE , (4)
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where eT is the transpose of e, the piezoelectric stress matrix or the dielectric permittivity
matrix.

By combining two piezoelectric e!ects together with equations (1) and (2), the global
constitute relations of piezoelectric material can be written as

r"cEe!eTE, D"ee#gSE . (5, 6)

There is, in passing, a relation between the piezoelectric stress matrix e and the elastic
matrix c via the piezoelectric strain matrix d, which is often provided by the manufacturer of
piezoelectric materials, e"dc.

3. GOVERNING EQUATIONS

It is helpful to begin with the assumption that the active coating is in"nitive in extent. The
thin layer structure, in which the thickness of the layer is orders of magnitude smaller than
its transverse dimensions, can be well approximated by the in"nite layer. Consider the
coating consisting of an arbitrary number N of passive layers and piezoelectric active
laminae perfectly bonded at their interfaces and stacked normal to the z direction of
a Cartesian system (x, y, z), x}y plane is chosen to coincide with the bottom surface of the
coating. Here, the stacking of the layers is restricted such that the x and y directions
coincide with their principle axes. Several assumptions are applied in the following analysis:

(1) Physical properties of the bonding materials in the coating are negligible.
(2) The electrodes with negligible physical properties are perfectly conductive.
(3) The piezoelectric coupling is weak.
(4) The #uid (water and/or air) does not support piezoelectric e!ects, i.e., its electricity

potential is zero. This implies that the electric potential of the coating vanishes at the
coating}#uid interface or the electrodes are short-circuited.

A steady monochromatic wave with angular frequency u and time dependence e*ut

impinges the coating normally. With this choice of co-ordinate system and sound incident
direction mentioned above, the displacement would reduce to a one-dimensional vector.
The remaining "eld variables will be independent of x and y.

A voltage <
z
is applied onto the two electrodes on the piezoelectric layer polarized along

axis z as shown in Figure 1. The electric and mechanical e!ects on the response of the layer
to a sound excitation are considered separately. First, the state variables caused by purely
mechanical e!ects are considered. For a simple one-dimensional problem with z poling
direction of piezoelectric materials, the governing equations for a layer are simpli"ed in the
case of absence of body force as [15}21]

owK!c
33

L2

Lz2
w"0, pm

z
"c

33

Lw

Lz
, (7, 8)

where w is the displacement of the layer, o the density, c
33

the elastic sti!ness constant.
Superscript m denotes the mechanical e!ect.

From equations (7) and (8), the state variables on the upper and lower faces of the layer
have the following relations:
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Figure 1. The co-ordinates and state variables at the top and bottom faces of a layer.
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where p
1
, l

1
and p

2
, l

2
symbolize the normal stresses and velocities at lower and upper faces

of the layer respectively. k"J(o/c
33

)u is the wavenumber, l"Jc
33

/o the velocity of
longitudinal elastic (acoustic) waves travelling in the thickness direction of the layer and

d the thickness of the layer. j"J!1.
Secondly, the state variables caused by an external voltage <

z
(or electric "eld E) applied

across the piezoelectric layer are considered. Sign conventions are chosen in accordance
with normal circuit practice as shown in Figure 1. The stress generated by the converse
piezoelectric e!ect is from equation (4).

pe
z
"!e

33
E
z
, (11)

where superscript e denotes the piezoelectric e!ect.
As the layer is very thin, the electric "eld can be treated as constant with the layer

thickness direction. The relation between the applied electric "eld and terminal voltage is

<
z
"P

d

0

E
z
dz"dE

z
. (12)

The electrical terminal current is calculated by [1]

I"juD
z
A , (13)

where A is the area of the piezoelectric layer.
Due to the assumption of weak piezoelectric coupling, the self-generated voltage (direct

e!ect from the excitation of acoustic waves) can be neglected when considering the actuator
layers [22]. Therefore, it leads to, from equation (2),

E
z
"

D
z

g
33

. (14)

Substitution of equations (15) and (14) into equation (11) yields

pe"j
e
33

g
33

uA
I . (15)

The compound stresses by mechanical e!ect and electric e!ect together will be

p
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where J"I/A.
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The total voltage on the electrodes including the external applied voltage and
self-generated voltage because of direct piezoelectric e!ect will be from equations (12), (6)
and (13):
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Presenting equations (16), (17) and (18) in matrix form leads to
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where
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Equation (19) can be used to describe the purely elastic layer, actuator layer and sensor
layer.

J"<
z
"0 for purely elastic layer,

J"0 and <
z
O0 for purely sensor layer and <

z
is the voltage output from the layer,

JO0 and <
z
O0 for actuator layer, which means that there exists an external voltage

input.

4. TRANSFER MATRICES OF THE DIFFERENT LAYERS

For elastic layer n,
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Subscripts 2 and 1 attached to the state variables denote the upper and lower
surface of the current layer respectively. TM

0n
is named the main transfer matrix of the

layer n.
For sensor layer n, the main transfer matrix has the same form as the elastic one but the

sensor layer has an extra expression for its voltage output as follows:
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For actuator layer a, substituting equation (19) into equations (17) and (18) will result in
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where <
a

is the external voltage applied. TM
1a

and TM
2a

are named the "rst and second
matrices of actuator layer.

5. WAVE FIELD IN THE FLUIDS

There exist two kinds of plane sound waves in the upper #uid. One is the incident sound
wave and the other is the sound wave re#ected by the active coating. They can be expressed,
respectively, as

pin"pN ine*k2z, pre"pN ree~+k2z"RpN ine~+k2z . (24a, 24b)

The particle velocities caused by the sound waves are respectively

lin"!

k
2

uo
2

pin, lre"
k
2

uo
2

RpN ine~+k2z . (25a, 25b)

There exists only a down-going plane sound wave in the lower #uid, assuming that the
#uid goes to in"nity in the negative z direction. The transmitted plane wave can be
expressed as

ptr"pN tre+k1z"¹pN ine+k1z, ltr"!

k
1

uo
1

¹pN ine+k1z , (26a, 26b)

where k
1
, k

2
, o

1
and o

2
are the wave numbers and densities in the lower and upper #uids

respectively, R and ¹ are sound re#ection and transmission coe$cients respectively.

6. INTERACTION CONDITIONS

To solve the problems, the governing equations must be applied together with additional
boundary conditions for the sought-for electrical, mechanical and acoustic quantities. In
electroelasticity theory, mechanical boundary conditions are formulated just like in the
classical elasticity theory: the stresses, displacements or mixed boundary conditions are
speci"ed at the boundary of each layer. When the piezoelectric layer is perfectly bonded on
the mechanical structure, the strain equals to the corresponding one of the structure at the
interface.

Therefore, continuity of velocities and stresses requires u to be the same in all layers and
in upper and lower #uids. Three coupling and boundary conditions are
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(1) On the interface between the upper #uid and the coating laminae
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(2) On the interfaces between the layers of the coating laminae
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(3) On the interface between the lower #uid and the coating laminae
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7. APPLICATION EXAMPLES

Based on the transfer matrices of elastic, sensor and actuator layers above, as well as
continuous interaction conditions, the re#ection and transmission coe$cients of any
multilayered coating can be carried out straightforwardly. The relationship of acoustic
characteristics of the active acoustic coating to the voltages applied across the actuator
layers can also be analyzed. Three cases are studied below. The "rst two cases are for the
purpose of veri"cation.

Case 1: ¸a-eur1s example [6]. The calculated results for the examples given by La#eur
have been compared to the results from experimental ones. Therefore, those examples are
used here for the purpose of veri"cation. The material and structural properties for two
kinds of smart structures are listed in Table 1. The medium properties above and below the
coating laminae are o

1
"o

2
"1000 kg/m3 and C

1
"C

2
"1500 m/s respectively. There are

two examples for case 1:

(1) Single-layer transducer (Figure 1)
(2) Double-layer transducer (Figure 2)

Figures 3 and 4 show the magnitude and phase of the complex ration of the voltage
applied to the single-layered transducer to cancel re#ection to that to cancel transmission.
Figures 5 and 6 show the magnitude and phase of the complex ration of the voltage on the
top layer to that on the bottom layer when the two layers are being driven so as to
TABLE 1

Material and structural properties (case 1)

Piezoelectric material

o 5903)3 kg/m3
c
33

(4)92#j3)02)]109 N/m2
e
33

(0)2391#j0)0899) N/(m V)
g
33

(0)3857!j0)0119)]10~9 F/m
Thickness 525]10~6 m



Figure 2. Double-layer transducer with a plane wave incident from the top.

Figure 3. Magnitude of the complex ratio of the voltage for cancelling re#ection to one for cancelling
transmission with the single active layer: ***, TM results; j j j, La#eur's.
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simultaneously cancel both transmission and re#ection from the double-layer transducer. It
can be found that the results from the proposed transfer matrix method in this paper are in
good agreement with the calculated results by La#eur.

Case 2: Bao1s example [3]. Bao's example is used because his analysis was carried out
based on the method of MECR. The bilaminar actuator is constructed by using two layers
of piezoceramic composite material together as shown in Figure 7. The material and
structural properties used are listed in Table 2. The medium properties above and below the
coating laminae are o

1
"o

2
"1000 kg/m3 and C

1
"C

2
"1500 m/s respectively.

The calculated ratios of the magnitude and phases for the applied voltages as a function
of frequency are plotted in Figures 8 and 9. Good agreement is also observed.

Case 3: ¹he coating with two sensor layers and an actuator layer. The calculated results
are relative values unless the incident sound wave is assumed to be a known value. In
practice, amplitude, phase and frequency of the incident sound wave are not known in
advance. Hence, the properties of incident sound wave need to be measured or detected.
That is why the sensors or sensoring devices are usually integrated into the active acoustic
coating.

In case 3, an active acoustical coating with eight layers is considered as shown in Figure 10.
The material properties used are listed in Table 3. Two sensor layers (layers 2 and 4) are



Figure 4. Phase of the complex ratio of the voltage for cancelling re#ection to one for cancelling transmission
with the single active layer: ***, TM results; j j j, La#eur's.

Figure 5. Magnitude of the complex ratio of the voltages on the top layer to that on the bottom layer for
cancelling re#ection and transmission with the double active layer: ***, TM results; j j j, La#eur's.
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made of PVDF material with the same thickness 515]10~6 m. The actuator layer (layer 6)
is PZT-5 rod in a Rho-C rubber matrix with a thickness of 0)02 m. The thickness of the
elastomeric layers is 0)002 m, and the thickness of the backing plate is 0)01 m. The medium
properties above are o

2
"1000 kg/m3 and C

2
"1500 m/s. The medium properties below

are o
1
"1)18 kg/m3 and C

1
"340 m/s.



Figure 6. Phase of the complex ratio of the voltages on the top layer to that on the bottom layer for cancelling
re#ection and transmission with the double active layer: ***, TM results; j j j, La#eur's.

Figure 7. A bilaminar actuator.

TABLE 2

Material and structural properties (case 2)

Piezoelectric material

o 2430 kg/m3
c
33

2)3791]109 N/m2
e
33

3)95 N/(m V)
g
33

1)543]10~9 F/m
Thickness 0)02 m
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Based on the continuity of velocities and stresses at each interface, respectively, one can
obtain
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Figure 8. The applied voltage on the upper layer required for the condition ¹C"RC"0: (a) the magnitude of
the applied voltage on the upper layer and (b) the phase of the applied voltage on the upper layer: ***, TM
results; j j j, Bao's.
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From equation (22), voltage outputs from the two sensors are, respectively,

<
s2
"TM

s2G
l
1

l
2
H
2

and <
s4
"TM

s4G
l
1

l
2
H
4

. (31)

The reason double sensor layers are used here is that the output of a sensor is a signal in
terms of the complete acoustic "eld that includes both incident and re#ected sound. It



Figure 9. The applied voltage on the lower layer required for the condition ¹C"RC"0: (a) the magnitude of
the applied voltage on the lower layer and (b) the phase of the applied voltage on the lower layer. ***, TM
results; j j j, Bao's.
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means that components of the incident and re#ected sound pressures are summed together
in the output of a single sensor layer. The resulting signal is therefore a superposition of the
two components. Therefore, the dual arrangement is preferred for separating the incident
sound wave [23, 24]. The dual sensor may be in other forms, such as one sensor layer for
sound pressure and one accelerometer for particle velocity [10].

The incident (pin ) and re#ected (pre) sound waves can be obtained in terms of the voltages
<
s2

and<
s4

generated through the direct piezoelectric e!ect of the two sensors. The pressures



Figure 10. A backing plate covered by a coating with integrated sensors and an actuator.

TABLE 3

Material and structural properties (case 3)

Elastomer layer
[oC rubber (isotropic)]

o 920 kg/m3
c
33

2)4132]109 N/m2
Thickness 0)002 m

Sensor layer Actuator layer
[PVDF (transversely isotropic)]

o 1470 kg/m3 2430 kg/m3
c
33

1)5306]109 N/m2 2)3791]109 N/m2
e
33

3)7 N/(m V) 3)95 N/(m V)
g
33

6)729]10~11 F/m 1)543]10~9 F/m
Thickness 515]10~6 m 0)02 m

Backing plate (isotropic)
o 7800 kg/m3
c
33

268)47]109 N/m2
Thickness 0)01 m
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at sensors 2 and 4 are represented as a superposition of the incident and re#ected "eld.

<
s2
"S

p
(pine~+k1d1#pree+k1d1) , (32)

<
s4
"S

p
(pine~+k1d1e~+(k2d2`k3d3)#pree+k1d1e+(k2d2`k3d3)) , (33)

where the exponential factors above account for the phase di!erence, k
i
and d

i
are the

wavenumber and thickness of layer i(i"1, 2 or 3) respectively. S
p

represents the acoustic
pressure sensitivity or voltage}pressure transfer function of the matched sensors, which can
be expressed as

S
p
"

Open-circuit output voltage of the sensor

Free-field plane wave sound pressure
(34)

in units of V/Pa.



Figure 11. Acoustic pressure sensitivity of a single sensor layer.
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For the given piezoelectric material as shown in Table 3, the acoustic pressure sensitivity
of a single sensor is shown in Figure 11. To obtain the incident sound pressure, some
manipulation is needed as follows:

<
si
"<

s4
e~+(k2d2`k3d3)!<

s2
(35)

"S
p
pine~+k1d1 (e~2+(k2d2`k3d3)!1);
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pin"j
<
si

2S
p
sin(k

2
d
2
#k

3
d
3
)e~+(k2d2`k3d3)

e+k1d1 . (36)

As an instance, the incident sound pressure calculated from the voltage outputs of the two
sensors shown in Figure 10 is veri"ed assuming a known incident pressure. The results are
plotted in Figure 12. It is seen that the calculated incident sound pressure has a good
accuracy. The accuracy of the above derivation depends on the material selection of sensor
layer and elastomer layer [25]. The derivation of equations (32) and (33) is based on an
implied assumption that the materials of the "rst four layers are acoustically transparent. It
means that the speci"c acoustic impedances of these materials should be the same as the
medium #uid. For this case study, the speci"c acoustic impedance of the medium is
1)50]106 Pa s/m, while that of the elastomer layer is 1)49]106 Pa s/m. The result
disagreement in Figure 12 may be attributed to the di!erence of the speci"c acoustic
impedances. The e!ect of material on the accuracy of calculation will be discussed in
another paper.



Figure 12. The comparison of calculated and actual incident sound wave: (a) upper medium is water and lower
is air and (b) upper medium is water and lower is water.***, given pin ; - - - - - -, calculated pin from two sensors.
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Similarly, by shifting the detected signal received at sensor 2 in another way, the re#ected
sound wave can be obtained as

<
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From equation (30), the transmission and re#ection coe$cients for a calculated pin will be
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To cancel the sound re#ection, R"0, we have the required voltage to be applied across
the actuator layer from equations (39) and (40) as
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To cancel the sound transmission, ¹"0, we have the required voltage to be applied
across the actuator layer from equations (39) and (40) as
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Two control-voltage functions of an active coating are de"ned as
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Figure 13. Control-voltage function for cancelling sound re#ection.
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where C<F
R/0

and C<F
T/0

are the control-voltage functions of the active coating for
cancelling sound re#ection and sound transmission respectively.

Equations (43) and (44) give the relation between the incident sound and control-voltage
required applied across the actuator. They depend only on the material and geometrical
properties of the coating structure and the media. The control-voltage function for the
cancellation of sound re#ection is shown for the given eight-layer coating in Figure 13. It is
observed from the "gure that the given active coating is suitable to cancel the sound
re#ection in the frequency range 50}130 kHz because poles exist at frequencies 38 and
158 kHz. From the control-voltage functions, the required control voltages can be easily
calculated through multiplication, in respective frequencies, of control-voltage function and
incident sound that may be obtained by the integrated sensors.

The mechanism for the cancellation of re#ected sound waves lies in that the surface
that faces the incident sound wave is controlled to move 1803 out of phase with and
at the same amplitude as the particle velocity of re#ecting wave. Another way of
viewing this is that the acoustic impedance of the active surface is controlled to
dynamically match one of the propagating mediums of the incident side. It means that the
incident sound wave travels into the boundary as if it is an in"nite medium with the same
properties.

8. CONCLUSIONS

The transmission and re#ection coe$cients from a multilayered active acoustic coating
that covers a backing plate submerged in the #uids are investigated using a transfer matrix
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approach. In the formulation, the coupling between the #uids, coating with a backing plate
and piezoelectric e!ects is taken into account. The formulation for detecting the incident
sound pressure using dual piezoelectric sensor layers is also presented. With the formulation
presented, the control-voltage functions of the active coating with a backing plate can
be written out directly. The algorithm makes the control circuit easy to be implemented.
The product of incident sound that can be detected and the control-voltage functions of
active coating with the backing plate is the controlled voltage required for the active control
purpose.

As veri"cation, two case studies (La#eur and Bao's examples) are carried out and it
is found that the proposed transfer matrix approach has a good accuracy. The main
advantage that lies in the proposed method is that it can be easily applied for analyzing the
acoustic properties of multilayer active coating structures. Finally, an eight-layer active
structure is analyzed. Its control-voltage functions either for cancelling the sound re#ection
or for the sound transmission are obtained.
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